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We show the possibility of inducing an edge charge current by applying time–dependent strain
in gapped graphene samples preserving time reversal symmetry. We demonstrate that this edge
current has the same origin as the valley Hall response known to exist in the system.
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I. INTRODUCTION.
Topological insulators1,2 are a hallmark of the con-
densed matter physics of the 21st century. They realize
a new state of matter characterized by topology rather
than symmetry. The topologically non trivial charac-
ter is strongly related to the discrete symmetries of the
band Hamiltonian like time reversal symmetry (TRS),
inversion, or parity. It has observable consequences in
the form of non dissipative currents at the edge of the
sample or, equivalently, quantized transverse electric re-
sponses to external electromagnetic probes like the quan-
tum Hall conductivity, σxy.
3
The quantum Hall example led to the assumption that
breaking TRS was an essential ingredient for the obser-
vation of topological phenomena which will not occur in
insulators preserving TRS. The reason is clear: the Hall
conductivity is proportional to the integral over the Bril-
louin zone of the Berry connection which is zero in time
reversal invariant systems1. The proposals of Semenoff
and Haldane4,5 of getting Landau levels in a system with
zero applied magnetic field followed by the description
of the quantum spin Hall effect6,7 paved the way to the
development of the actual field of topological insulators.
The spin Hall effect was the first example of a topologi-
cal response in a TRS invariant system and is based on
the recognition that the presence of additional degrees of
freedom (spin in this case) allows to define different types
of masses that give rise to other topological currents.8,9
Graphene10–12, the best example of Dirac fermions
with extra quantum numbers (spin, valley, layer) is the
ideal model to test this type of quantized responses. The
neutral system has two inequivalent Fermi points (val-
leys) located at the corners of the Brillouin zone. Because
of their large separation in momentum space, inter–valley
scattering is strongly suppressed and in the absence of
short range disorder or interactions the valley index re-
mains a good quantum number. In these circumstances
a valley Hall effect can occur similar to the spin Hall ef-
fect where carriers in different valleys flow to opposite
transverse edges driven by an in-plane external electric
field. The valley Hall effect was already discussed in the
early times of graphene13 and “Valleytronics” applica-
tions were proposed.14 Valley currents induced by AC
fields or optical radiation have been experimentally real-
ized in various materials.15–17
One of the most interesting aspects of graphene is the
tight relation between electronic excitations and mechan-
ical deformations of the lattice. In the very successful
tight binding–elasticity approach, lattice deformations
couple to the electronic current in the form of gauge fields
and scalar potentials very similar to the usual electro-
magnetic gauge potential.18,19 Time dependent strains
give rise to a “synthetic” electric field that will play a
major role in the present work. In the valley Hall ef-
fect there is no charge accumulation at the edges be-
cause the external electric field couples with the same
sign to both valleys. We will show that a charge current
can be generated from time-dependent elastic deforma-
tions not breaking TRS in graphene. The result lies on
a mixed Chern Simons term in the effective action that
involves the electromagnetic and the elastic vector po-
tentials. The interplay of strain and valley physics have
been explored previously20–22 and some consequences of
having time–dependent strain in graphene were consid-
ered.23–26
The paper is organized as follows. In Sec. II we in-
troduce the formalism that will be used in calculating
topological current. In Sec. III we present our analyti-
cal and numerical results for suggesting an experimental
realization in time-dependent strained graphene sheets.
Sec. IV contains discussions and conclusions.
II. THE MODEL AND THEORY
In the absence of lattice deformations the low en-
ergy electronic degrees of freedom around the two Fermi
points in graphene can be described by a massless Dirac
Hamiltonian12:
H(k) =
∑
τ
ψ+τ,k (τσxkx + σyky)ψτ,k, (1)
where τ = ±1 refers to the two Fermi points and ψτ,k
represents two species of spinors. The Fermi velocity will
not play a role in our discussion and has been put to one
as well as ~. The time reversal symmetry operation inter-
changes the two species of spinors, keeping Eq. (1) time
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2reversal invariant. An essential ingredient for the quan-
tized response is the presence of a gap in the spectrum.
In the quantum Hall effect the insulating behavior is in-
duced by the perpendicular magnetic field. When spins
are neglected, there are essentially four ways of open-
ing a gap in the otherwise linear spectrum of Eq. (1). 27
Three of them are time reversal invariant and physically
correspond to inducing a different on site potential to
the two sublattices or coupling the degrees of freedom
to a Kekule´ distortion. The corresponding mass has the
same sign for both Fermi points. The fourth one breaks
time reversal symmetry and was used by Haldane in his
proposal for the anomalous quantum Hall effect in the
honeycomb lattice.5 We will restrict ourselves to the first
mass mentioned above,
Hm = mψ
+
τ,kσ3ψτ,k, (2)
and discuss later on the possible mechanism to generate
this term in real samples.
As discussed extensively in Ref. [19], a deformation of
the graphene lattice gives rise to a fictitious gauge field
Ael =
κΦ0
pi
(
uxx − uyy
−2uxy
)
(3)
where κ ' 3 nm−1, Φ0 is the flux quantum and uij
is the strain tensor which can be written as uij =
1
2 [∂jui + ∂iuj + (∂ih)(∂jh)] in terms of the in-plane and
out-of-plane displacements u and h respectively. This
field couples minimally to the electronic excitations with
opposite signs to the two valleys. Hence in the presence
of an external electromagnetic and elastic field the inter-
acting Hamiltonian reads:
HA = −
∑
τ
[ψ+τ,kτσx
(
eAemx + τ βˆA
el
x
)
ψτ,k]−
−
∑
τ
[ψ+τ,kσy
(
eAemy + τ βˆA
el
y
)
ψτ,k], (4)
where e is the electric charge, Aem and Ael stand for the
electromagnetic and the elastic vector fields respectively,
and we have encoded the strength of the elastic coupling
in the parameter βˆ > 0. Note that we multiply Ael by
τ in Eq. (4) since the two valleys couple with opposite
charges to strain. This is due to the fact that the strain
gauge field, Ael, respects the time reversal symmetry un-
der which the K and the K ′ valleys will be interchanged.
A. The topological current
In order to obtain the topological response of a gapped
system to external gauge fields, we must find its topolog-
ical indices. For example, if quasiparticles of the system
couple to a gauge field with charge q, the off-diagonal
conductance of the system depends on the first Chern
number, C, as σxy = Cq
2/h. The Chern number can
itself be computed through integrating the Berry curva-
ture of the ground-sate over the momentum space. For
example, the Burry curvature for a two-band system with
Mk = ~dk · ~σ Hamiltonian reads28
Fxy = 1
2
dˆk.
(
∂kx dˆ× ∂ky dˆ
)
. (5)
where kˆ = ~k/|k|. Since, a gapped graphene can be
viewed as the two massive Dirac cones, we first compute
the response of a single one. Consider a generic Dirac
cone with Mk = vF (ηxkxσx + ηykyσy) + mσz Hamil-
tonian, where ηx, and ηy take ±1 values. Therefore,
~k = (ηxvFkx, ηyvFky,m). Using the corresponding kˆ and
plugging it in Eq. (5), the Chern number reads
C =
1
2
sgn (mηxηy) . (6)
Therefore, in the gaped system with the mass term
given in Eq. (2) the band structure around each Fermi
point is topologically characterized by a Chern number
which takes opposite values at the two Fermi points (due
to the time reversal symmetry) 28,29:
CK = −CK′ = sgn(m)/2. (7)
In the absence of elastic deformations as a response to
an external electric field Eem the induced charge current
at each Fermi point is
〈J iτ 〉 = e2CτεijEemj , (8)
so the total charge current 〈J iK+J iK′〉 vanishes. However
there is still a topological response encoded in the quan-
tity 〈J iK−J iK′〉 which is not zero and physically represents
a current imbalance between the two Fermi points, this
is the manifestation of the quantum valley Hall effect.
Consider now a time–dependent elastic deformation
described by a vector field Ael(t) as the one described
in the previous section. Its associated synthetic electric
field Eelj = ∂tA
el
j (t) will couple with opposite signs to the
two valleys. Hence this type of deformation will induce
a charge response in the system at each Fermi point:
〈J iτ 〉 ∼ τCτεijEelj . (9)
Now, because CK = −CK′ the total net charge current
is non zero and its value is twice larger than the value at
each Fermi point:
〈J iK + J iK〉 ∼ 2CKεijEelj . (10)
We can make this statement more formal by consid-
ering the effective background field theory.9 Within a
functional integral approach one can integrate out the
fermionic degrees of freedom ψτ,k, ψ
+
τ,k in the action de-
rived from Eq. (4) and write the odd part of the effective
Lagrangian:
Leff = 2eβˆCKεµρνAemµ ∂ρAelν + 2eβˆCKεµρνAelµ ∂ρAemν +
+ JµAemµ + J
µ
elA
el
µ , (11)
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FIG. 1: (color online) Comparison between the Hall effect
(upper), the valley Hall effect (middle), and the effect pro-
posed in the text (lower) following the scheme of the original
implementation of the experiment first proposed by Hall. The
arrows indicate the flow of valley polarized electrons under the
action of an external electric field or voltage (upper and mid-
dle) and of a time dependent strain (lower part). In the later
case the total current is < J iK + J
i
K′ >∼ Eelj .
where we have added to the Chern–Simons action the
external sources: Jµ is the total charge density current
that naturally couples to the electromagnetic field, and
Jµel is a classically conserved current associated to the
elastic field Aelµ . Notice that the standard Chern–Simons
term bilinear in Aem or Ael vanish for the total action
due to the opposite value of CK at the two valleys. Only
the mixed term survives.
From Eq. (11) we can immediately read out the total
charge current density (Seff =
∫
d3Leff ):
〈J i〉 = δSeff
δAemi
= 2eβˆCKε
ijA˙elj ≡ 2eβˆ
m
|m|ε
ijEelj , (12)
where we have assumed for simplicity that Ael0 = 0 and
have replaced εij0 = εij .
Equation (12) is the main result of this work. A non
vanishing net charge current density can be obtained as a
response to a time dependent elastic deformation of the
gapped graphene sample. Notice that this equation is
consistent with time reversal symmetry because, as we
emphasized previously, the synthetic electric field is odd
under time reversal.42
This result is the counterpart of the quantum valley
Hall effect. In Fig. 1 we represent schematically a com-
parison between the Hall effect, the valley Hall effect, and
the effect proposed in the text. The upper part (a) shows
the original implementation of the experiment first pro-
posed by Hall.30 In the presence of a magnetic field per-
pendicular to the sample and a voltage difference along
the x direction the charge carriers are deflected to one of
the edges of the sample. The charge accumulation in one
side gives a voltage difference between the two sample’s
edges in the y direction. In the valley Hall effect (mid-
dle part of the figure) there is no magnetic field. The
electromotive force acts along the x direction, but now
the electrons crossing the sample find two channels to
flow, one at each sample’s edge. The voltage difference
between the two edges is now zero, but the carriers flow-
ing along different edges belong to different valleys or
Fermi points so there is a net valley imbalance between
the edges in the y direction. Finally the charge effect
proposed in this work is shown in the lower part of the
figure. The external probe now is a time dependent elas-
tic deformation creating a synthetic electric field along
the x direction. Electrons belonging to different valleys
react oppositely to this electromotive elastic force, so the
two available channels belong to the same edge and a
net charge accumulation occurs in one of the two sides
of the sample. Hence a net voltage difference appears
between the edges. Because both channels belong to dif-
ferent Fermi points, no valley imbalance appears in this
situation.
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FIG. 2: (Color online) (Left): Proposed strain for a graphene
ribbon as described in the main text. (Right): Direction of
the charge current for the two Dirac points in different edges.
III. SUGGESTED EXPERIMENTAL
REALIZATION
A potential experimental setup to measure the effect
described in this work needs a gapped graphene system
with reasonably well defined zig-zag edges. We also need
to induce time dependent strain but there is no need for
high control on this part. One possibility is to use the
proposal of Ref. [31,32] where graphene is grown on a
4thin copper substrate with outstanding flexibility. The
strain on the graphene sample can be controlled by ma-
nipulating the substrate. The sample can be gapped by
chemical doping as done in33 although the needed gap
could also be induced by the strain field as described in
Ref. [21].
The vector field induced by an elastic deformation of
the graphene lattice is given in Eq. (3). A possible
strain configuration is shown in Fig. 2. The left hand
side shows the atomic displacements given by (ux, uy) =
(−2PB xy + PE(t)y2, PB(x2 + y2)) in Cartesian coordi-
nates. PB and PE(t) are geometric parameters with units
of 1/length and PE(t) is a time-varying periodic func-
tion, for instance PE(t) = PB cos(ωt). This particular
strain leads to a uniform magnetic field B˜z = 4φ0cβPB/a
and pseudo-electric field E˜y = −2φ0cβω sin(ωt)y/a. To
simplify the analysis the strain has been chosen such
that the induced scalar potential which is proportional
to uxx + uyy vanishes. Neither this condition nor the
uniform pseudomagnetic field are necessary for the pro-
posed mechanism to work but they provide a neat setting
for the discussion. A value of PB = 0.5 (µm)
−1 in a sam-
ple of size 0.4 µm× 0.4µm gives a pseudo-magnetic field
of B˜z ≈ 9.0 T which is large enough to give rise to quan-
tized Landau levels. The sample can be tailored in the
form of a ribbon with zigzag termination such that there
will be edge states with a good valley number.34 The
experimental possibility tailoring proper edges has been
demonstrated in Ref. [35]. As we discussed in the text, an
external electric field can not induce a current along the
horizontal boundaries, but the pseudo-electric filed given
by −∂Ael(t)/∂t creates easily a voltage along the bound-
aries as shown in the right hand side of Fig. 2. Using a
reasonable value for the parameters and ω = 60 MHz,
the maximum pseudo-electric field reaches 50 V/m and
then Jx would be about 4 × 10−3 A/m. This induced
current can be measured by experiments.
Bilayer graphene36 is another possible system - per-
haps better than the monolayer - to observe the pro-
posed current. Gated graphene bilayer is known to be
another realization of a Quantum Valley Hall insulator,
whose low energy theory is exactly the same mixed Chern
Simons theory described in our work. The system is
gapped when a gate voltage is applied between the two
graphene layers and it supports the same structure of
valley resolved edge states. As it happens to its mono-
layer counterpart, having zigzag edge states is essential
to develop such edge states. However, contrary to the
case of monolayer graphene, it has been experimentally
reported a subgap conduction in gated graphene bilayer
ribbons.37 This subgap conductance has been attributed
to the presence of edge states in the sample indicating
that the conduction along the edge states survive even
when there is no perfect zigzag crystalline ordering at
the edges38. Quantum manipulation of valleys in bilayer
graphene has been reported recently.39
IV. CONCLUSIONS
We have shown that a non vanishing charge current
can be generated in gapped graphene by applying time–
dependent strain. Unlike the standard Hall effect propor-
tional to e2, its coefficient is proportional to the product
of the electric charge times an elastic constant character-
istic of graphene, βˆ. The proposed mechanism is a con-
sequence of the mixed responses that can be obtained in
non–trivial topological Dirac systems when several vector
fields are coupled. The proposed effect can be measured
in actual graphene devices or in alternative systems such
as artificial graphene40 or optical lattices.41
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